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Abstract
We study some phenomenological models in a matrix model corresponding to
the IIB matrix model compactified on a six-dimensional torus with magnetic
fluxes. Extending our previous works, we examine a wider class of models: a
Pati-Salam-like model with a gauge group U(4) × UL(2) × UR(2), and models
where the gauge group U(4) is broken down to Uc(3) × U(1) and/or UR(2) is
broken down to U(1)2. We find all the matrix configurations that yield matter
content of all the phenomenological models whose gauge group is a subgroup
of U(8). We then estimate semiclassically a probability distribution for the
appearance of the phenomenological models.
1e-mail address: haoki@cc.saga-u.ac.jp
1
1 Introduction
The standard model (SM) of particle physics agrees well with experiments.
While phenomenological models beyond the SM will be explored in (near-)future
experiments, some theoretical guides may be helpful. It may also be important
to reconsider why the SM is so successful and what we should ask nature next.
On the other hand, the SM is unsatisfactory as a final theory, and the string
theory is expected to be an ultimate theory including gravity. Phenomenolog-
ical models inspired by string theories have been studied extensively (see, for
instance, ref. [1, 2]). However, a serious problem in the string theory is that it
has too many vacua.
A candidate for a nonperturbative formulation of string theory is the matrix
model (MM) [3]-[6]. Since the MM has a definite action and measure, we can,
in principle, dynamically compare the string vacua, and calculate everything,
such as spacetime dimensions, gauge groups, and matter contents. Indeed,
spacetime structures have been analyzed intensively, and four-dimensionality
seems to be preferred in the IIB matrix model [7]-[13]. Then, assuming that our
spacetime is obtained, we will consider how the SM and some phenomenological
models appear from the MM, and estimate the probability distribution of their
appearance. Such phenomenological studies in the MM may give us a guide for
exploring phenomenological models beyond the SM.
An important ingredient of the SM is the chirality of fermions. We usually
obtain a chiral spectrum on our spacetime by introducing a nontrivial topology
in the extra dimensions: Euler characteristics of compactified manifolds, spe-
cial boundary conditions at orbifold singularities, the intersection numbers of
D-branes, etc., give nontrivial topologies. Also from the MM, chiral fermions
and the SM matter content have been obtained by considering toroidal com-
pactifications with magnetic fluxes [14, 15] and intersecting D-branes [16]1. The
former is similar to magnetized D-branes wrapping on a torus, which are T-dual
to the latter.
In this paper, we will study phenomenological models in the MM compact-
ified on a torus, extending our previous works [14, 15]. We here examine a
wider class of phenomenological models than in ref. [15]. In order to embed the
SM fermions with three generations into matrices in our formulation, the gauge
group must be a subgroup of U(8) or larger groups. We then find all the matrix
configurations that yield all the phenomenological models whose gauge group
is a subgroup of U(8). Exhausting all the solutions is necessary for studying a
1 Studies based on fuzzy spheres are given in refs. [17]-[21]. MMs for orbifolds and orien-
tifolds are studied in refs. [22]-[25].
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semiclassical analysis.
We here note that even if a matter field is massless at the tree level in the
MM, which might be interpreted as phenomena at the Planck scale, it would
obtain a mass through quantum corrections at low energies. While masses of
the gauge field and fermionic field can be protected by the gauge and the chiral
symmetry, respectively, a mass of a scalar field is difficult to protect, which is
well known as the naturalness or the hierarchy problem. Thus, although the
matrices provide scalar fields with the same representation under the gauge
group as the Higgs field, it is difficult to keep them massless. Then, we will
first find matrix configurations that provide the gauge and the fermionic fields,
without considering how those Higgs candidates remain massless. We will next
assume situations where the Higgs mass is protected by the supersymmetry,
and find matrix configurations that provide the Higgsino fields as well.
We then study the dynamics of the MM semiclassically, and estimate a prob-
ability distribution for the appearance of the phenomenological models2. The
fact that we could perform these analyses is an advantage of the MM3. On the
other hand, there remain some important issues in the formulations of MMs,
such as the relations between MMs and string theory, interpretations of space-
time and matter in the matrices, and how to take large-N limits. Reversely, we
can expect that these phenomenological studies may give some hints for those
problems in MMs.
In section 2, we briefly review a formulation of topological configurations
on a torus; a similar review was given in ref. [15]. We then find matrix con-
figurations that provide phenomenological models without the Higgsino fields
in section 3, and those with the Higgsino fields in section 4. In section 5, we
estimate the probability distribution over the phenomenological models. Sec-
tion 6 is devoted to the conclusions and discussions. In appendix A, detailed
calculations for determining the fluxes are shown.
2 Review of topological configurations on a torus
We begin with a brief review of the IIB MM [4, 5]. Its action has a simple form
SIIBMM = −
1
g2
IIBMM
tr
(
1
4
[AM , AN ][A
M , AN ] +
1
2
Ψ¯ΓM [AM ,Ψ]
)
, (2.1)
whereAM and Ψ areN×N Hermitian matrices. They are also a ten-dimensional
vector and a Majorana-Weyl spinor, respectively. Performing a kind of func-
2 Probability distributions over the string landscape [26] have been estimated, for instance,
by counting the number of flux vacua [27], and by considering cosmological evolutions [28, 29].
3 A related work is given in the MM of noncritical strings [30].
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tional integration as a statistical system, and taking a suitable large-N limit,
one can obtain a nonperturbative formulation of string theory. Since the mea-
sure as well as the action is defined definitely, we can calculate everything in
principle. Another notable feature is that both spacetime and matter emerge
from the matrices. Spacetime can be interpreted as an eigenvalue distribution
of the bosonic matrices AM , and its structures have been analyzed dynami-
cally [7]-[13]. Arguments for local fields on it have been given [31, 32]. It has
also been shown that noncommutative (NC) space and matter fields on it are
described in the MM rather elegantly [33, 34]4.
We then consider toroidal compactifications of M4 × T 6 with T 6 carrying
magnetic fluxes. Toroidal compactifications have been studied in Hermitian
matrices [33, 36] and in unitary matrices [37]-[39]. We here use a finite-unitary-
matrix formulation for NC tori. It is defined by the twisted Eguchi-Kawai
model [40]-[42] (see, for instance, refs. [43]-[45]). One may consider background
configurations corresponding to
Aµ ∼ xµ ⊗ 1 ,
eiAi ∼ 1 ⊗ Vi , (2.2)
with µ = 0, . . . , 3 and i = 4, . . . , 9, where AM stand for the Hermitian matrices
in the IIB MM (2.1). Unitary matrices Vi represent T
6, while xµ represent
our spacetime M4. One can also consider situations where our spacetime is
compactified as well. A ten-dimensional NC torus with an anisotropy of sizes
between four and six dimensions can be described by a unitary MM
Sb = −βN
∑
i 6=j
Zji tr
(
Vi Vj V
†
i V
†
j
)
− β′N
∑
µ6=ν
Zνµ tr
(
Vµ Vν V
†
µ V
†
ν
)
−β′′N
∑
iµ
[
Zµi tr
(
Vi Vµ V
†
i V
†
µ
)
+ Ziµ tr
(
Vµ Vi V
†
µ V
†
i
)]
, (2.3)
where Vµ and Vi are U(N ) matrices with µ, ν = 0, . . . , 3 and i, j = 4, . . . , 9. β, β
′
and β′′ are coupling constants, and ZMN are phase parameters called twists. A
setting of these parameters will be discussed in section 5.1. A relation between
the IIB MM (2.1) and the unitary MM (2.3) will be argued in section 5.2. We
then consider background configurations as
eiAµ ∼ Vµ = Vµ ⊗ 1 ,
eiAi ∼ Vi = 1 ⊗ Vi . (2.4)
4 It has also been shown that curved spaces can be described by interpreting the matrices
as differential operators [35].
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We will hereafter study the extra-dimensional space T 6 in the unitary MM
(2.3).
We then focus on Vi in (2.4), i.e., NC T
6 with nontrivial topologies. It is
known that nontrivial topological sectors are defined by the so-called modules
in NC geometries (see, for instance, ref. [46]). In the MM formulations, the
modules are defined by imposing twisted boundary conditions on the matrices
[43]-[45],[47]. In fact, each theory with twisted boundary conditions yields a
single topological sector specified by the boundary conditions [48]-[51], while
in ordinary gauge theories on commutative spaces, a theory, for instance, with
periodic boundary conditions, provides all the topological sectors. However,
since we now want to derive everything from a definite MM, those topological
features of NC gauge theories are not desirable. We then introduce nontriv-
ial topological sectors by background matrix configurations, not by imposing
twisted boundary conditions by hand. Nontrivial topologies can be given by
block-diagonal matrices [14]. We consider the following configurations:
V3+j =


Γ11,j ⊗ 1 n1
2
⊗ 1 n1
3
⊗ 1 p1
. . .
Γh1,j ⊗ 1 nh
2
⊗ 1 nh
3
⊗ 1 ph

 ,
V5+j =


1 n1
1
⊗ Γ12,j ⊗ 1 n1
3
⊗ 1 p1
. . .
1 nh
1
⊗ Γh2,j ⊗ 1 nh
3
⊗ 1 ph

 ,
V7+j =


1 n1
1
⊗ 1 n1
2
⊗ Γ13,j ⊗ 1 p1
. . .
1 nh
1
⊗ 1 nh
2
⊗ Γh3,j ⊗ 1 ph

 ,
(2.5)
with j = 1, 2. The number of blocks is denoted by h. Each block is a tensor
product of four factors. The first three factors each represent T 2 in T 6 = T 2 ×
T 2×T 2, and the last factor provides a gauge group structure. The configuration
(2.5) gives the gauge group U(p1)×U(p2)× · · · ×U(ph).
The matrices Γal,j with a = 1, . . . , h and l = 1, 2, 3 in (2.5) are defined by
using the Morita equivalence. For details, see, for instance, refs. [14],[43]-[47].
Γal,j are U(n
a
l ) matrices that satisfy the ’t Hooft-Weyl algebra
Γal,1Γ
a
l,2 = e
−2pii
ma
l
na
l Γal,2Γ
a
l,1 , (2.6)
where the integers mal and n
a
l are specified by an integer q
a
l as
mal = −sl + klq
a
l , n
a
l = Nl − 2rlq
a
l , (2.7)
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for each a and l. The integers Nl, rl, sl, and kl for each l specify the original
torus of the Morita equivalence for each T 2. Equations (2.7) can be inverted
as5
1 = 2rlm
a
l + kln
a
l , q
a
l = Nlm
a
l + sln
a
l . (2.8)
In fact, the configurations (2.5), when inserted into (2.4), are classical solutions
for the action (2.3) (see, for instance, ref. [52]). Their semiclassical analyses
will be given in section 5.
The fermionic matrix Ψ is similarly decomposed into blocks as
Ψ =


ϕ11 ⊗ ψ11 · · · ϕ1h ⊗ ψ1h
...
. . .
...
ϕh1 ⊗ ψh1 · · · ϕhh ⊗ ψhh

 , (2.9)
where ϕab and ψab represent spinor fields on M4 and T 6, respectively. Each
block ϕab ⊗ ψab is in a bifundamental representation (pa, p¯b) under the gauge
group U(pa)×U(pb). It turns out [14] that ψab has a topological charge, i.e., a
magnetic flux, on T 6 as
papb
3∏
l=1
(nblm
a
l −m
b
ln
a
l ) = p
apb
3∏
l=1
(qal −q
b
l ) = p
apb
3∏
l=1
(
−
1
2r
(nal − n
b
l )
)
. (2.10)
Note that the magnetic fluxes (2.10) are specified by the configurations (2.5),
not by the twists ZMN in the action (2.3). In fact, by defining an overlap-Dirac
operator, which satisfies a Ginsparg-Wilson relation and an index theorem6,
the Dirac index, i.e., the difference between the numbers of chiral zero modes,
was shown to take the corresponding values7. In the present paper, we do
not specify the forms of the Dirac operator, and just assume that the correct
number of chiral zero modes arises in the large-N limit or in the low-energy
effective theory.
Although we work with the toroidal compactifications in this paper, our
phenomenological analyses in the following sections can be performed similarly
with any compactifications with nontrivial topologies.
5 In the notations of p and q in refs. [43]-[47], the present case corresponds to p˜ = 1, q˜ = qal ,
and p0 = p
a, and thus p = pa and q = paqal . Since the configurations (2.5) depend only on
the dual tori, the original torus seems virtual. It is introduced just for treating all the dual
tori equally. One could regard one of the dual tori as an original torus.
6 These techniques were developed in the lattice gauge theories [53]-[57] and applied to
MM and NC geometries [58]-[61].
7 The same results were obtained in the fuzzy spheres [21],[62]-[66].
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3 Matrix configurations for some phenomenological
models without the Higgsino fields
We now study matrix configurations that provide the matter content of some
phenomenological models.
As we saw in the previous section, in the present formulation, one can realize
models with a gauge group U(p1)×U(p2)×· · ·×U(ph) and bifundamental matter
fields. Unfortunately, as we showed in ref. [15], in the model with the gauge
group U(3) ×U(2) ×U(1)2 ≃ SU(3) × SU(2) × U(1)4 ⊂ U(7), either the right-
handed singlet neutrino or the B-L gauge field cannot be included in the model.
Neither do we have any solution for the fluxes that provide the SM fermions
with three generations, in any models whose gauge group is a subgroup of U(7)
or smaller groups.
We then consider models whose gauge group is a subgroup of U(8). All the
subgroups of U(8), which yield the SM fermions with three generations, are
U(4) × UL(2) × UR(2), Uc(3) × U(1) ×UL(2) × UR(2), U(4) × UL(2) × U(1)
2,
and Uc(3) × U(1) × UL(2) × U(1)
2. We will examine all of them. Since the
Uc(3)×U(1)×UL(2)×U(1)
2 model turns out to have no solution, we further
study a model with Uc(3) × UL(2) × U(1)
4 ⊂ U(9), in order to find a model
where the extra gauge group is Abelian.
As for the Higgs field, the bosonic matrices in the extra dimensions Vi, when
considering fluctuations around the background (2.5), give the gauge fields in
the extra dimensions, and hence scalar fields on our spacetime. When the
matrices are decomposed into blocks, some of the block elements have the same
representation under the gauge group as the Higgs field. However, the off-
diagonal blocks give massive fields in general. A more serious problem is that,
as mentioned in the introduction, even if scalar fields are massless at the tree
level, it is difficult to keep them massless against quantum corrections, which
is well known as the naturalness or the hierarchy problem. In the gauge-Higgs
unifications [67]-[70], higher-dimensional gauge symmetries protect the scalar
mass from the quadratic divergences of the cutoff order, but it still can receive
quantum corrections of the order of the Kaluza-Klein scale. See also ref. [71]
for an argument of the quadratic divergences.
In this section, we will find matrix configurations that provide the gauge
fields and the SM fermions, assuming that the above-mentioned Higgs candi-
dates are kept massless by some mechanisms.
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3.1 U(4)× UL(2)× UR(2) model
We first consider the case with the number of blocks being three, i.e., h = 3,
and the integers pa taken to be 4, 2, 2 for a = 1, . . . , h. The gauge group is then
U(4) ×U(2) ×U(2).
The fermionic species are embedded in the fermionic matrix ψ as
ψ =


o
q
l
u d
ν e
o o
o

 , (3.1)
where q denotes the quark doublets, l the lepton doublets, u and d the quark
singlets, and ν and e the lepton singlets. The entries denoted as o give no
massless fermions since, as we will see below, they are set to have a vanishing
index. The lower triangle part can be obtained from the upper part by the
charge conjugation transformation.
The fields q and l are in the (4, 2¯, 1) representation under the gauge group
U(4) × UL(2) × UR(2). The fields u, d, ν, and e are in (4, 1, 2¯). As we will
see in section 3.4, the fermionic fields have the correct representation under
the SM gauge group SUc(3)× SUL(2) ×UY (1), which is a subgroup of U(4)×
UL(2)×UR(2). The color group SUc(3) and the lepton number U(1) are unified
to SU(4), which is reminiscent of the Pati-Salam model [72].
We now determine the integers qal specifying the magnetic fluxes. From
(2.10), only the differences qal − q
b
l are relevant to the topology for the block
ψab. We thus define
qabl = q
a
l − q
b
l , (3.2)
qab =
3∏
l=1
qabl . (3.3)
In order for (3.1) to have the correct generation number, the integers qab must
have the values
qab =


0 −3 3
0 0
0

 . (3.4)
The lower triangle part is obtained from the upper part by the relation qab =
−qba. The block component with a vanishing index gives no chiral zero modes,
and thus no massless fermions on our spacetime. Even when there are right-
handed and left-handed zero modes in a pair, they will obtain a mass through
quantum corrections, though they are massless at the tree level.
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qˆab1 qˆ
ab
2 qˆ
ab
3(
−1 1
2
) (
1 1
0
) (
3 3
0
)
(
−1 −1
0
) (
1 1
0
) (
3 −3
−6
)
(
−1 −1
0
) (
1 −3
−4
) (
3 1
−2
)
(
−1 −1
0
) (
1 3
2
) (
3 −1
−4
)
Table 1: Fluxes in each T 2 in the U(4) × UL(2) × UR(2) model, i.e., all the
solutions for eq. (3.3) with the T 6 fluxes (3.4). The diagonal elements are
omitted.
The fluxes in each T 2, qabl , are obtained by solving eq. (3.3) with the T
6
fluxes (3.4). Here, we note that eq. (3.3) is invariant under the permutations
among qab1 , q
ab
2 , and q
ab
3 , and also under the sign flips: q
ab
1 → −q
ab
1 , q
ab
2 → −q
ab
2 ,
qab3 → q
ab
3 ; q
ab
1 → −q
ab
1 , q
ab
2 → q
ab
2 , q
ab
3 → −q
ab
3 ; q
ab
1 → q
ab
1 , q
ab
2 → −q
ab
2 ,
qab3 → −q
ab
3 . By using these symmetries, we can fix the order of q
ab
1 , q
ab
2 , and
qab3 , and their overall signs. Under this constraint, there are four solutions for
qabl . We list them in Table 1. In order to save space, we have omitted the
diagonal elements that always vanish. We will call these matrices qˆabl .
3.2 Uc(3)× U(1)× UL(2)× UR(2) model
We then consider the case where the gauge group U(4) in the previous subsection
is broken down to Uc(3) × U(1) by the fluxes, i.e., the case with h = 4 and
pa = (3, 1, 2, 2).
The fermionic species are embedded in the fermionic matrix ψ as
ψ =


o o q u d
o l ν e
o o
o

 . (3.5)
The fluxes in T 6 must have the values
qab =


0 0 −3 3
0 −3 3
0 0
0

 . (3.6)
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qˆab1 qˆ
ab
2 qˆ
ab
3

−2 −1 −1
1 1
0




−2 −1 −1
1 1
0




0 −3 3
−3 3
6




0 −1 1
−1 1
2




2 1 1
−1 −1
0




6 3 3
−3 −3
0




0 −1 1
−1 1
2




4 3 3
−1 −1
0




4 1 1
−3 −3
0




0 −1 1
−1 1
2




2 3 3
1 1
0




−2 1 1
3 3
0


Table 2: Fluxes in each T 2 in the Uc(3)×U(1)×UL(2)×UR(2) model, i.e., all
the solutions for eq. (3.3) with the T 6 fluxes (3.6). The diagonal elements are
omitted.
The fluxes in each T 2, qabl , are obtained by solving eq. (3.3) with the T
6 fluxes
(3.6). They can be obtained by doubling the first row of the matrices in Table
1. However, if q12l = 0 for all l, which is equivalent to q
1
l = q
2
l for all l, the first
diagonal block and the second one in the bosonic configuration (2.5) become
identical, and the gauge group is enhanced from U(3) × U(1) to U(4), which
brings us back to the case in the previous subsection. Hence, we must find a
solution that has both q12l = 0 and q
12
l 6= 0, depending on l. There are four
solutions, which we list in Table 2.
3.3 U(4)× UL(2)× U(1)2 model
We next consider the case where the gauge group UR(2) is broken down to
U(1) ×U(1) by the fluxes, i.e., the case with h = 4 and pa = (4, 2, 1, 1).
The fermionic species are embedded in the fermionic matrix ψ as
ψ =


o
q
l
u
ν
d
e
o o o
o o
o


. (3.7)
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The fluxes in T 6 must have the values
qab =


0 −3 3 3
0 0 0
0 0
0

 . (3.8)
The fluxes in each T 2, qabl , are obtained by solving eq. (3.3) with the T
6 fluxes
(3.8). They can be obtained by suitably doubling the last column of the matrices
in Table 1. Under the constraints mentioned in the previous subsections, there
are nine solutions, where we have also fixed the exchange between the last two
columns. We list them in Table 3.
3.4 Uc(3)× U(1)× UL(2)× U(1)2 model
We now consider the case where both U(4)→ Uc(3)×U(1) and UR(2)→ U(1)
2
take place by the fluxes, i.e., the case with h = 5 and pa = (3, 1, 2, 1, 1).
The fermionic species are embedded in the fermionic matrix ψ as
ψ =


o o q u d
o l ν e
o o o
o o
o


. (3.9)
The fluxes in T 6 must have the values
qab =


0 0 −3 3 3
0 −3 3 3
0 0 0
0 0
0


. (3.10)
The fluxes in each T 2, qabl , are obtained by solving eq. (3.3) with the T
6 fluxes
(3.10). They could be obtained by suitably doubling the last column of the
matrices in Table 2, or by suitably doubling the first row of the matrices in
Table 3. Unfortunately, however, there is no solution.
We then generalize the fermion embedding (3.9) to
ψ =


o u′ q u d
o l ν(ν¯) e
o l¯′ o
o e′
o


, (3.11)
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qˆab1 qˆ
ab
2 qˆ
ab
3

−1 1 −1
2 0
−2




1 1 −1
0 −2
−2




3 3 3
0 0
0




−1 1 −1
2 0
−2




1 1 1
0 0
0




3 3 −3
0 −6
−6




−1 1 3
2 4
2




1 1 1
0 0
0




3 3 1
0 −2
−2




−1 1 −3
2 −2
−4




1 1 1
0 0
0




3 3 −1
0 −4
−4




−1 −1 3
0 4
4




1 1 1
0 0
0




3 −3 1
−6 −2
4




−1 −1 −3
0 −2
−2




1 1 1
0 0
0




3 −3 −1
−6 −4
2




−1 −1 3
0 4
4




1 −3 1
−4 0
4




3 1 1
−2 −2
0




−1 −1 −1
0 0
0




1 −3 3
−4 2
6




3 1 −1
−2 −4
−2




−1 −1 −3
0 −2
−2




1 3 1
2 0
−2




3 −1 −1
−4 −4
0


Table 3: Fluxes in each T 2 in the U(4) × UL(2) × U(1) × U(1) model, i.e., all
the solutions for eq. (3.3) with the T 6 fluxes (3.8). The diagonal elements are
omitted.
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ψ =


o u q d1 d2
o l e 1 e2
o o o
o ν(ν¯)
o


, (3.12)
though they cannot be applied to the models with larger gauge groups in the
previous subsections. Here, we have omitted the lines that separate the matrix
elements since they are no longer necessary.
In fact, (3.11) and (3.12) are the most general embeddings where all the
elements have the correct representation under the SM gauge group SUc(3) ×
SUL(2) × UY (1): One can easily see that they have the correct representation
under SUc(3) × SUL(2). Since we have five U(1) gauge groups coming from
each diagonal block, we consider their linear combinations
5∑
i=1
xiQi , (3.13)
where Qi is the U(1) charge from the ith block. From the hypercharge assign-
ment for the fermion species, the only possible embeddings turn out to be those
in (3.11) and (3.12).
For the (3.11) case, we can consider the hypercharge Y , baryon number B,
lepton number L′, left-handed charge QL, and right-handed charge Q
′
R. Their
charges for q, u, u′, d, l, l′, ν(ν¯), e, and e′, and the corresponding values for
xi are given in Table 4. The charges L′ and Q′R have the proper interpretation
when u′, l′, and e′ disappear, and ν, not ν¯, is chosen in Table 4, and thus in
(3.11). This case reduces to the original embedding (3.9). This also ensures
that the fermion species in (3.1), (3.5), and (3.7) in the previous subsections
have the correct representation under the SM gauge group and the extra U(1)
gauge groups, which are subgroups of the gauge group in the corresponding
model.
For the (3.12) case, we consider the hypercharge Y , baryon number B, left-
handed charge QL, and two other charges Q
′
1 and Q
′
2. Their charges for q, u,
d1, d2, l, ν(ν¯), e1, and e2, and the corresponding values for x
i are given in Table
5. The charges Q′1 and Q
′
2 have no proper interpretations. We also note that,
in the cases (3.11) and (3.12), a linear combination of these five U(1) charges
gives an overall U(1) and does not couple to the matter. Only four U(1) charges
couple to the matter.
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q u u′ d l l′ ν(ν¯) e e′
Y 1/6 2/3 2/3 -1/3 -1/2 -1/2 0 -1 -1
B 1/3 1/3 1/3 1/3 0 0 0 0 0
L′ 0 0 -1 0 1 0 1 1 0
QL 1 0 0 0 1 1 0 0 0
Q′R 0 1 0 1 0 -1 1 1 0
x1 x2 x3 x4 x5
Y 1/6 -1/2 0 -1/2 1/2
B 1/3 0 0 0 0
L′ 0 1 0 0 0
QL 0 0 -1 0 0
Q′R 0 0 0 -1 -1
Table 4: U(1) charges for q, u, u′, d, l, l′, ν(ν¯), e, and e′ in (3.11), and the
corresponding values for the coefficients xi in (3.13).
q u d1 d2 l ν(ν¯) e1 e2
Y 1/6 2/3 -1/3 -1/3 -1/2 0 -1 -1
B 1/3 1/3 1/3 1/3 0 0 0 0
QL 1 0 0 0 1 0 0 0
Q′1 0 0 1 0 0 -1 1 0
Q′2 0 0 0 1 0 1 0 1
x1 x2 x3 x4 x5
Y 1/6 -1/2 0 1/2 1/2
B 1/3 0 0 0 0
QL 0 0 -1 0 0
Q′1 0 0 0 -1 0
Q′2 0 0 0 0 -1
Table 5: U(1) charges for q, u, d1, d2, l, ν(ν¯), e1, and e2, in (3.12), and the
corresponding values for the coefficients xi in (3.13).
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The fluxes in T 6 must have the values
qab =


0 x −3 3− x 3
0 y − 3 ±3 3− z
0 y 0
0 z
0


(3.14)
for (3.11), and
qab =


0 3 −3 x 3− x
0 −3 y 3− y
0 0 0
0 ±3
0


(3.15)
for (3.12). Here, x, y, and z can take an integer 0, 1, 2, or 3. Since the up-type
quarks are embedded at the two places u and u′ in (3.11), the corresponding
fluxes can take several values x and 3− x in (3.14). The same is true for l and
l′, and so on. The double signs of ±3 are chosen depending on whether ν or
ν¯ is embedded in (3.11) and (3.12). The fluxes in each T 2, qabl , are obtained
by solving eq. (3.3) with the T 6 fluxes (3.14) and (3.15). As we will show in
Appendix A.2, there is no solution, either. We thus conclude that there is no
solution in the Uc(3) ×U(1)×UL(2)×U(1)
2 model.
3.5 Uc(3)× UL(2)×U(1)
4 model
We then consider the case with the gauge group Uc(3)×UL(2)×U(1)
4 ⊂ U(9),
i.e., the case with h = 6 and pa = (3, 2, 1, 1, 1, 1), in order to find a model with
the SM gauge group plus extra U(1).
The fermionic species are embedded in the fermionic matrix ψ as
ψ =


o q u u u d
o l¯ l¯ l¯ o
o ν ν e
o ν e
o e
o


, (3.16)
ψ =


o q u u d d
o l¯ l¯ o o
o ν e e
o e e
o ν
o


, (3.17)
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ψ =


o q u d d d
o l¯ o o o
o e e e
o ν ν
o ν
o


, (3.18)
where ν can be either ν or ν¯. They exhaust all the embeddings that have the
correct representation under the SM gauge group.
The fluxes in T 6, qab, can take several values for (3.16), (3.17), and (3.18),
as in (3.14) and (3.15). We can also determine the fluxes for T 2, qabl , by solving
eq. (3.3). As we will show in Appendix A.3, there are fifteen solutions for the
case (3.16). The T 2 fluxes are listed in Tables 16, 17, and 18. The corresponding
T 6 fluxes are given in (A.15) to (A.20).
For the case (3.17), there are two solutions. The T 2 fluxes are listed in
Table 15. The corresponding T 6 fluxes are (A.10) and (A.11). For the case
(3.18), there is no solution.
4 Matrix configurations for the phenomenological mod-
els with the Higgsino fields
In this section, we assume situations where the Higgs mass is protected by
the supersymmetry possessed by the IIB MM somehow. Then, we will find
matrix configurations that yield candidates for the Higgsino fields as well as
the gauge fields and the SM fermions. We just find candidates for the fermionic
fields. How the supersymmetry is realized in the unitary MM and in the whole
spectrum will be studied elsewhere.
4.1 U(4)× UL(2)× UR(2) model
We first consider the model studied in section 3.1. The Higgsino fields hu and
hd can be added to the fermion embedding (3.1) as
8
ψ =


o
q
l
u d
ν e
o hu hd
o

 . (4.1)
8 A similar embedding was given in refs. [73, 74].
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qˆab1 qˆ
ab
2 qˆ
ab
3 q
H(
−1 1
2
) (
1 −1
−2
) (
3 −3
−6
)
24(
−1 1
2
) (
1 3
2
) (
3 1
−2
)
−8(
−1 1
2
) (
1 −3
−4
) (
3 −1
−4
)
32
Table 6: Fluxes in each T 2 in the U(4)×UL(2)×UR(2) model with the Higgsino
candidates, i.e., all the solutions for eq. (3.3) with the T 6 fluxes (4.2). The
diagonal elements are omitted. The T 6 flux for the Higgsinos, qH , is also listed.
The T 6 fluxes must be altered from (3.4) to
qab =


0 −3 3
0 qH
0

 , (4.2)
with qH 6= 0. The gaugino fields, o in (4.1), are also protected to be massless
by the gauge symmetry and the supersymmetry. The T 2 fluxes are obtained by
solving eq. (3.3) with the T 6 fluxes (4.2). There are three solutions. They are
listed in Table 6, where we also write the values of qH . Unfortunately, there is
no solution with qH = 1.
4.2 Uc(3)× U(1)× UL(2)× UR(2) model
We then consider the model studied in section 3.2. The Higgsino fields hu and
hd are added to the embedding (3.5) as
ψ =


o o q u d
o l ν e
o hu hd
o

 . (4.3)
The fluxes in T 6 have the values
qab =


0 0 −3 3
0 −3 3
0 qH
0

 , (4.4)
with qH 6= 0. Solutions for the T 2 fluxes can be obtained by suitably doubling
the first row of the matrices in Table 6. There are four solutions. They are
listed in Table 7, where we also give the values of qH .
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qˆab1 qˆ
ab
2 qˆ
ab
3 q
H

2 1 3
−1 1
2




−2 −1 1
1 3
2




0 3 1
3 1
−2

 −8


0 −1 1
−1 1
2




−4 −3 −1
1 3
2




−4 −1 −3
3 1
−2

 −8


−2 −3 −1
−1 1
2




0 1 3
1 3
2




−2 1 −1
3 1
−2

 −8


0 −1 1
−1 1
2




2 3 −1
1 −3
−4




−2 1 −3
3 −1
−4

 32
Table 7: Fluxes in each T 2 in the Uc(3) × U(1) × UL(2) × UR(2) model with
the Higgsino candidates, i.e., all the solutions for eq. (3.3) with the T 6 fluxes
(4.4). The diagonal elements are omitted. The T 6 flux for the Higgsinos, qH ,
is also listed.
Because the lepton doublet l and the Higgsino h¯u in (4.3) have the same
representation under the SM gauge group, they can substitute for each other.
Such Higgs fields can also give rise to electroweak symmetry breaking, though
they cannot make Yukawa couplings, which are prohibited by the representation
of the extra gauge group. Then, the T 6 fluxes can have more general values
qab =


0 0 −3 3
0 qL 3
0 qH
0

 . (4.5)
Solutions for the T 2 fluxes can be obtained by using the the matrices in Table 6.
There are fourteen solutions, other than those in Table 7. We do not present
them here, in order to save space.
18
4.3 U(4)× UL(2)× U(1)2 model
We next consider the model studied in section 3.3. The Higgsino fields hu and
hd are added to the embedding (3.7) as

o
q
l
u
ν
d
e
o hu hd
o o
o


. (4.6)
The fluxes in T 6 must have the values
qab =


0 −3 3 3
0 qHu qHd
0 0
0

 , (4.7)
with qHu , qHd 6= 0. Solutions for the T 2 fluxes can be obtained by suitably
doubling the last column of the matrices in Table 6. There are five solutions.
They are listed in Table 8, where we also give the values of qHu and qHd .
Solutions with qHu = 0 and qHd 6= 0, or qHu 6= 0 and qHd = 0, can also be
obtained by suitably combining the last column of the matrices in Tables 1 and
6. There are eight solutions. They are listed in Table 9, where we also give the
values of qHu and qHd .
4.4 Uc(3)× U(1)× UL(2)× U(1)2 model
We now consider the model studied in section 3.4. The Higgsino fields hu and
hd are added to the embedding (3.9) as
ψ =


o o q u d
o l ν e
o hu hd
o o
o


. (4.8)
The fluxes in T 6 have the values
qab =


0 0 −3 3 3
0 −3 3 3
0 qHu qHd
0 0
0


, (4.9)
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qˆab1 qˆ
ab
2 qˆ
ab
3 q
Hu , qHd

−1 1 1
2 2
0




1 −1 3
−2 2
4




3 −3 1
−6 −2
4

 24, −8


−1 1 1
2 2
0




1 3 −3
2 −4
−6




3 1 −1
−2 −4
−2

 −8, 32


−1 1 1
2 2
0




1 −3 −1
−4 −2
2




3 −1 −3
−4 −6
−2

 32, 24


−1 1 −3
2 −2
−4




1 3 −1
2 −2
−4




3 1 1
−2 −2
0

 −8, −8


−1 1 3
2 4
2




1 −3 −1
−4 −2
2




3 −1 −1
−4 −4
0

 32, 32
Table 8: Fluxes in each T 2 in the U(4)×UL(2)×U(1)
2 model with the Higgsino
candidates, i.e., solutions for eq. (3.3) with the T 6 fluxes (4.7) (part 1). The
diagonal elements are omitted. Also listed are the T 6 fluxes for the Higgsinos,
qHu and qHd , both of which take nonzero values.
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qˆab1 qˆ
ab
2 qˆ
ab
3 q
Hu , qHd

−1 1 1
2 2
0




1 1 −1
0 −2
−2




3 3 −3
0 −6
−6

 0, 24


−1 1 1
2 2
0




1 1 3
0 2
2




3 3 1
0 −2
−2

 0, −8


−1 1 1
2 2
0




1 1 −3
0 −4
−4




3 3 −1
0 −4
−4

 0, 32


−1 −1 1
0 2
2




1 1 −1
0 −2
−2




3 −3 −3
−6 −6
0

 0, 24


−1 −1 1
0 2
2




1 −3 3
−4 2
6




3 1 1
−2 −2
0

 0, −8


−1 −1 1
0 2
2




1 −3 −3
−4 −4
0




3 1 −1
−2 −4
−2

 0, 32


−1 −1 1
0 2
2




1 3 3
2 2
0




3 −1 1
−4 −2
2

 0, −8


−1 −1 1
0 2
2




1 3 −3
2 −4
−6




3 −1 −1
−4 −4
0

 0, 32
Table 9: Fluxes in each T 2 in the U(4)×UL(2)×U(1)
2 model with the Higgsino
candidates, i.e., solutions for eq. (3.3) with the T 6 fluxes (4.7) (part 2). The
diagonal elements are omitted. Also listed are the T 6 fluxes for the Higgsinos,
qHu and qHd , one of which takes nonzero values.
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with qHu , qHd 6= 0. Solutions for the T 2 fluxes can be obtained by suitably
doubling the last column of the matrices in Table 7, or by suitably doubling
the first row of the matrices in Table 8. There is one solution. It is listed in the
first row of Table 10, where we also give the values of qHu and qHd . Solutions
with qHu = 0 and qHd 6= 0, or qHu 6= 0 and qHd = 0, can also be obtained
by suitably combining the last column of the matrices in Tables 2 and 7, or
by suitably doubling the first row of the matrices in Table 9. There are two
solutions, which are listed in the second and third rows of Table 10.
As in the Uc(3)×U(1)×UL(2)×UR(2) model, since l and h¯u have the same
representation under the SM gauge group, the T 6 fluxes can have more general
values
qab =


0 0 −3 3 3
0 qL ±3 3
0 qHu qHd
0 0
0


. (4.10)
Solutions for the T 2 fluxes can be obtained by using the matrices in Tables 8
and 9. There are three solutions other than those in Table 10. We list them in
Table 11, where we also give the values of qHu, qHd , and qL. As for the double
sign of ±3 in (4.10), all of the solutions take +3.
5 Probability distribution over the phenomenologi-
cal models
We now study the dynamics of the MM semiclassically, and estimate the prob-
abilities for the appearance of the phenomenological models obtained in the
previous sections.
5.1 Instanton actions
We first discuss a setting of the parameters in the unitary MM (2.3). Regarding
the twists ZMN , we take
Z01 = exp (2πi
s4
N4
) , Z23 = exp (2πi
s5
N5
) ,
Z45 = exp (2πi
s1
N1
) , Z67 = exp (2πi
s2
N2
) , Z89 = exp (2πi
s3
N3
) ,(5.1)
with a huge difference in Nl between l = 4, 5 and l = 1, 2, 3:
N4 ≃ N5 ≫ N1 ≃ N2 ≃ N3 . (5.2)
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qˆab1 qˆ
ab
2 qˆ
ab
3 q
Hu , qHd

2 1 3 −1
−1 1 −3
2 −2
−4




−2 −1 1 −3
1 3 −1
2 −2
−4




0 3 1 1
3 1 1
−2 −2
0

 −8, −8


0 −1 1 1
−1 1 1
2 2
0




4 3 3 1
−1 −1 −3
0 −2
−2




4 1 1 3
−3 −3 −1
0 2
2

 0, −8


0 −1 1 1
−1 1 1
2 2
0




2 3 3 −1
1 1 −3
0 −4
−4




−2 1 1 −3
3 3 −1
0 −4
−4

 0, 32
Table 10: Fluxes in each T 2 in the Uc(3) × U(1) × UL(2) × U(1)
2 model with
the Higgsino candidates, i.e., all the solutions for eq. (3.3) with the T 6 fluxes
(4.9). The diagonal elements are omitted. The T 6 fluxes for the Higgsinos, qHu
and qHu , are also listed.
qˆab1 qˆ
ab
2 qˆ
ab
3 q
Hu, qHd qL

0 −1 1 1
−1 1 1
2 2
0




0 1 −1 3
1 −3 1
−2 2
4




−2 3 −3 1
5 −1 3
−6 −2
4

 24, −8 −5


0 −1 1 1
−1 1 1
2 2
0




−4 1 −3 −1
5 1 3
−4 −2
2




−4 3 −1 −3
7 3 1
−4 −6
−2

 32, 24 −35


4 −1 1 3
−5 −3 −1
2 4
2




−4 1 −3 −1
5 1 3
−4 −2
2




0 3 −1 −1
3 −1 −1
−4 −4
0

 32, 32 −75
Table 11: Fluxes in each T 2 in the Uc(3) × U(1) × UL(2) × U(1)
2 model with
the Higgsino candidates, i.e., all the solutions for eq. (3.3) with the T 6 fluxes
(4.10), other than those listed in Table 10. The diagonal elements are omitted.
The T 6 fluxes for the Higgsinos and the lepton doublet, qHu , qHu , and qL, are
also listed.
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The other twists are taken to be one. The total matrix size N is taken to be
N = k
5∏
l=1
Nl . (5.3)
Note that the matrix size (5.3) is k times larger than is usually expected from
the integers that specify the twists (5.1). The assumptions (5.2) and (5.3) may
be justified by studying a connection between the IIB MM (2.1) and the unitary
MM (2.3).
We then consider the background (2.4), where Vµ are U(N4N5) matrices and
Vi are U(kN1N2N3) matrices. These sizes of matrices are dynamically favored
if one takes the twist parameters as in (5.1), as can be seen from the arguments
(5.7) below. The size of our spacetime and that of the extra dimensions are
given by ǫNl with l = 4, 5 and l = 1, 2, 3, respectively, where ǫ is a lattice
spacing. They thus have a huge anisotropy due to (5.2).
We consider the topological configurations (2.5) for Vi in (2.4). They are
classical solutions for the unitary MM (2.3). In order to match the matrix sizes
in the configurations (2.5) and the action (2.3),
h∑
a=1
na1n
a
2n
a
3p
a = k
3∏
l=1
Nl (5.4)
is required. Plugging (2.5) into (2.3), we obtain the classical action
Sb = −2βNN4N5
3∑
l=1
h∑
a=1
na1n
a
2n
a
3p
a cos
(
2π
(
sl
Nl
+
mal
nal
))
, (5.5)
where we have given only the first term in (2.3).
Recall that the integers nal and m
a
l are specified by an original torus with
the integers Nl and sl via (2.7) or (2.8). We now consider the configurations
whose integers Nl and sl agree with the ones that specify the twists Zij in the
action (2.3) via (5.1), since the other configurations have much larger actions.
Then, from (2.7) and (2.8), we can find the relation
sl
Nl
+
mal
nal
=
qal
Nln
a
l
= −
1
2r
(
1
Nl
−
1
nal
)
. (5.6)
By plugging (5.6) into (5.5), we find that the classical action (5.5) takes the
minimum value if and only if
qal = 0⇔ n
a
l = Nl (5.7)
for ∀a and ∀l. Then, the constraint (5.4) becomes
h∑
a=1
pa = k . (5.8)
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Therefore, if we choose the parameters of the MM action (2.3) as in (5.3), block
diagonal configurations, where the total number of blocks is specified by (5.8),
are dynamically favored.
We then consider small fluctuations around the minimum, i.e., configura-
tions with |qal | ≪ Nl. The classical action (5.5) is approximated as
∆Sb ≃ 4π
2β
N 2
k
3∑
l=1
1
(Nl)4
h∑
a=1
pa(qal )
2 , (5.9)
where we have given the difference from the minimum value. We will call it an
instanton action since it is a classical action of a topological configuration.
For comparison, let us consider cases with large fluctuations, for instance,
configurations where the total number of blocks is different from (5.8), and
configurations specified by original tori with the integers Nl, sl that are different
from the twists in the action (2.3). In these cases, the classical action (5.5)
receives an enhancement factor of order (Nl)
2, compared to (5.9).
5.2 How to take large-N limits and the probability distribution
over the string vacuum space
We now consider relations between the prescription of how to take a large-
N limit in the IIB MM and the probability distribution over various matrix
configurations, i.e., various string vacua, based on the semiclassical analysis.
For details, see ref. [15].
We first compare the IIB MM action (2.1) and the unitary MM action
(2.3), by considering a correspondence between the Hermitian matrices and the
unitary matrices as
VM ∼ exp
(
2πi
AM
ǫNl
)
. (5.10)
By plugging (5.10) into (2.3), and comparing it with (2.1), we find a relation
among the coupling constants in (2.3) and (2.1) as
1
2
βN
(
2π
ǫNl
)4
=
1
g2
IIBMM
, (5.11)
with l = 1, 2, 3. Similar relations can be obtained for β′ and β′′.
Since both (5.9) and (5.11) depend on β/(Nl)
4, by defining a combination
g2IIBMM
ǫ4N
≡
1
A
, (5.12)
the instanton action (5.9) becomes
∆Sb =
A
2π2k
3∑
l=1
h∑
a=1
pa(qal )
2 . (5.13)
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It then follows that scaling limits of fixing g2IIBMMN
α/ǫ4 with α > −1, α = −1,
and α < −1 make the coefficient of the instanton action (5.13) infinite, finite,
and vanishing values, respectively. Together with fixing the torus size ǫN 1/5,
those scaling limits correspond to fixing g2IIBMMN
γ with γ = α+4/5. The three
cases give drastically different results:
1. If we take a large-N limit by fixing g2IIBMMN
α/ǫ4 with α > −1, or by
fixing g2IIBMMN
γ with γ > −1/5, the instanton action (5.13) diverges for
nonzero qal , and thus only a single topological sector survives. While in
the present model, the topologically trivial sector, qal = 0, is chosen, in
more elaborate models, desirable sectors may be chosen uniquely by the
dynamics. This is drastically different from the situations where physicists
usually consider the landscape.
2. In a limit with α < −1 or γ < −1/5, the instanton action (5.13) vanishes
for all qal , and all the topological sectors appear with equal probabili-
ties. Then, the estimation for the probability distribution over the string
vacuum space reduces to number counting of the classical solutions. More-
over, in a limit with α < −1−2/5, a still larger number of configurations,
which were studied as the large fluctuations below (5.9), can also appear.
3. In a limit with α = −1 or γ = −1/5, the instanton action (5.13) takes
finite values for finite qal , and all the topological sectors appear with finite
and different probabilities.
5.3 Probabilities for the appearance of the phenomenological
models
We now estimate the probabilities for the appearance of the phenomenological
models obtained in sections 3 and 4.
We first consider the U(4)×UL(2)×UR(2) model with the fluxes given by
the first row in Table 1. By solving (3.2), qal are determined as
qa1 = (q1, q1 + 1, q1 − 1) ,
qa2 = (q2, q2 − 1, q2 − 1) ,
qa3 = (q3, q3 − 3, q3 − 3) , (5.14)
for a = 1, . . . , h = 3. Since only the differences are specified in (3.2), qal are de-
termined with arbitrary integer shifts q1, q2, and q3. The instanton action (5.13)
takes various values depending on these arbitrary integers ql. The minimum
value
∆Sb =
A
2π2k
28 , (5.15)
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is attained by q1 = 0, q2 = 0 or 1, and q3 = 1 or 2.
One could further lower the instanton action (5.13) to
∆Sb =
A
2π2k
24 , (5.16)
by choosing the fractional values q1 = 0, q2 = 1/2, and q3 = 3/2. This corre-
sponds to modifying the twists in the action (2.3) from (5.1) to
Z45 = exp
(
2πi
s1
N1
)
,
Z67 = exp
(
2πi
(
s2
N2
+
1
2N22
))
,
Z89 = exp
(
2πi
(
s3
N3
+
1
2N23
))
, (5.17)
although they are not natural in the present MM.
The probability of the appearance of this model is semiclassically given as
e−∆Sb , multiplied by a factor coming from quantum corrections. There exist
configurations with the same action, but with pa and qal different from (5.14),
and thus the probability must be divided by this numerical factor.
In the same way, we estimate the minimum instanton action for the other
cases in Table 1. We also examine the Uc(3)×U(1)×UL(2)×UR(2) model with
the fluxes given in Table 2, and the U(4)×UL(2)×U(1)
2 model with the fluxes
in Table 3. The results are shown in Table 12. We further examine the models
with the Higgsino fields, studied in section 4, and list the results in Table 13.
We do not present the results from the T 6 fluxes (4.5) or (4.10), since they give
larger values of the instanton actions.
Within these models and in the integral ql case, the minimum instanton
action 2pi
2k
A ·∆Sb takes various values between 28 and 44 over the various models.
The minimum of the minimum values, 28, is attained by the first solution in the
U(4)×UL(2)×UR(2) model, the last one in the Uc(3)×U(1)×UL(2)×UR(2)
model, and the first one in the U(4)×UL(2)×U(1)
2 model in Table 12, and also
by the second solution in the U(4)×UL(2)×UR(2) model, and the seventh one in
the U(4)×UL(2)×U(1)
2 model in Table 13. We cannot find drastic differences
among the models with various gauge groups, and between the models with
and without the Higgsinos.
There also exist solutions with lower instanton actions, which do not yield
the SM fermions. Moreover, as far as we consider the models whose gauge group
is a subgroup of U(8), i.e., consider the MM (2.3) with the parameter k = 8,
the U(8) model without any gauge symmetry breaking has the lowest action.
In order to make phenomenologically attractive models most probable, we need
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gauge group integral ql fractional ql
U(8) 0 0
U(4) ×UL(2)×UR(2) 28 24
44 40
36 32
36 32
Uc(3)×U(1) ×UL(2) ×UR(2) 44 43
40 39
36 36
28 27
U(4) ×UL(2) ×U(1)
2 28 25
40 37
32 29
36 32
44 40
40 37
36 36
40 37
36 33
Table 12: Values of the instanton actions 2pi
2k
A · ∆Sb in the U(8) model, the
U(4) × UL(2) × UR(2) model, the Uc(3) × U(1) × UL(2) × UR(2) model, and
the U(4)×UL(2)×U(1)
2 model, without the Higgsino fields. Each row of this
table corresponds to those in Tables 1, 2, and 3. The second column shows
the minimum value within the integer values of ql as in (5.15), while the third
column is the results within the fractional values of ql as in (5.16). Fractional
values of ql are not natural in the present MM.
28
gauge group qHu , qHd integral ql fractional ql
U(4) ×UL(2)×UR(2) 24 44 44
-8 28 28
32 44 40
Uc(3)×U(1) ×UL(2)×UR(2) -8 32 31
-8 44 40
-8 32 31
32 44 43
U(4) ×UL(2)×U(1)
2 24, -8 44 40
-8, 32 40 39
32, 24 44 43
-8, -8 36 32
32, 32 44 41
0, 24 40 39
0, -8 28 27
0, 32 36 36
0, 24 44 43
0, -8 36 35
0, 32 40 37
0, -8 32 31
0, 32 44 41
Uc(3) ×U(1) ×UL(2) ×U(1)
2 -8, -8 36 35
0, -8 40 39
0, 32 40 39
Table 13: Values of the instanton actions 2pi
2k
A ·∆Sb in the the U(4)×UL(2)×
UR(2) model, the Uc(3) × U(1) × UL(2) × UR(2) model, the U(4) × UL(2) ×
U(1)2 model, and the Uc(3) ×U(1) × UL(2) ×U(1)
2 model, with the Higgsino
candidates. Each row of this table corresponds to those in Tables 6, 7, 8, 9, and
10. We do not present the results from the T 6 fluxes (4.5) or (4.10), since they
give larger values of the instanton actions. The T 6 fluxes for the Higgsinos, qHu
and qHd , are also listed. The third column shows the minimum value within
the integer values of ql as in (5.15), while the fourth column gives the results
within the fractional values of ql as in (5.16). Fractional values of ql are not
natural in the present MM.
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to elaborately modify the MM (2.3). However, we can also find that the phe-
nomenological models have rather small instanton actions and are sufficiently
probable if the coefficient A in the instanton action (5.13) is not so large.
6 Conclusions and discussions
In this paper, we have considered the situations where the IIB MM is compacti-
fied on a torus with magnetic fluxes, and exhausted all the matrix configurations
that yield all the phenomenological models whose gauge group is a subgroup of
U(8), with and without the Higgsino fields. We have also studied the dynam-
ics of MM semiclassically, and estimated the probability distribution over the
phenomenological models.
There remain some important problems. While we found the embedding of
the Higgs field in the matrices, we need to consider how the electroweak sym-
metry breaking occurs. The gauge-Higgs unifications and the recombinations
of the intersecting D-branes (see, for instance, ref. [75]) are close to the present
situation and may be helpful to consider this issue. We should also study the
values of the Yukawa couplings and the flavor structure. They can be obtained
by calculating overlaps among the zero-mode fields. Related work has been
done, for instance, in ref. [73, 74, 76].
While we have considered situations where the supersymmetry protects the
Higgs mass, we need to study how to keep part of the supersymmetry possessed
by the IIB MM and how to break it at low energies. It is also possible that
the supersymmetry is broken at high energies but leaves some remnants (see,
for instance, ref. [77]). Other resolutions of the naturalness or the hierarchy
problem, such as composite models, models with large extra dimensions, some
stringy or quantum-gravitational effects, are also interesting to consider.
The models we have considered in the present paper have extra U(1) gauge
groups and are anomalous within the gauge dynamics. This anomaly may
be canceled via the Green-Schwarz mechanism by the exchange of RR-fields,
which can also make the extra gauge fields massive. In order to realize this,
some constraints as the RR tadpole cancellation condition should be imposed
on MMs. We should also generalize topological configurations by introducing
Wilson lines and tilting the tori.
While we assumed toroidal compactifications and worked in a unitary matrix
formulation in this paper, we should study the relation between the unitary
MM and the IIB MM, and how the parameters in the unitary MM action
are determined from the IIB MM. We also need to consider how to interpret
spacetime and matter in the matrices and how to describe compactifications in
30
the matrices.
We will come back to these issues in future publications. We hope that
these studies will give us some help for both exploring phenomenological models
and studying formulations of MMs. We also would like to analyze the full
dynamics of the MM, and survey the probability distribution over the whole of
the landscape.
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A Solutions of the T 2 fluxes qabl
In this appendix, we find solutions of the T 2 fluxes qabl by solving eq. (3.3) in
the Uc(3)×U(1)×UL(2)×U(1)
2 model and the Uc(3)×UL(2)×U(1)
4 model
without the Higgsino fields, studied in section 3.
A.1 Two theorems
Before we solve eq. (3.3) in the concrete models, we prove two theorems.
Theorem 1: Pick up three elements from the T 6 fluxes and focus on qab,
qbc, and qac: (
qab qac
qbc
)
. (A.1)
Then, it is impossible that all of |qab|, |qbc|, and |qac| take 1, 2, or 3. In other
words, if |qab|, |qbc|, and |qac| are 0, 1, 2, or 3, then, at least one of them must
be 0. There is one exception: (|qab|, |qbc|, |qac|) = (2, 2, 2) is possible.
Proof: Let us first consider the case (|qab|, |qbc|) = (1, 1). Then, the T 2
fluxes |qabl |must take 1 for all l. So must |q
bc
l |. It then follows from q
ac
l = q
ab
l +q
bc
l
that |qacl | must be 0 or 2. Then, |q
ac| is 0 or 8. Hence, (|qab|, |qbc|, |qac|) =
(1, 1, 1), (1, 1, 2), or (1, 1, 3) is not possible.
Similarly, by considering the cases (|qab|, |qbc|) = (1, 2), (1, 3), (2, 2), (2, 3),
and (3, 3), one can prove the theorem.
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Theorem 2: Consider the T 6 fluxes
qab =


0 0 −3 3
0 −3 x
0 0
0

 , (A.2)
which is equivalent to
qab =


0 −3 0 3
0 3 0
0 x
0

 , (A.3)
as can be seen by exchanging the second and third rows and columns. Then,
it is impossible that x takes 0, 1, ±2, or −3. Within |x| ≤ 3, only x = −1 and
x = 3 are possible.
Proof: For
qab =


0 −3 3
0 0
0

 , (A.4)
the solutions for eq. (3.3) are listed in Table 1. One can also list the solutions
for
qab =


0 −3 x
0 0
0

 . (A.5)
By combining two solutions from each, one can construct a solution for (A.2).
There is no solution for the cases x = 0, 1,±2,−3. For x = 3, the solutions
are listed in Table 2. For x = −1, there are three solutions, which we list in
Table 14.
A.2 Fluxes in the Uc(3)× U(1)× UL(2)×U(1)
2 model
We now study the Uc(3) × U(1) × UL(2) × U(1)
2 model considered in section
3.4. One can immediately find that (3.15) has no solution for (3.3), by applying
Theorem 1 to q12 = 3, q23 = −3, and q13 = −3.
For (3.14), by applying Theorem 1 to q15 = 3, one can find that x = z = 0
or x = z = 3 is allowed. Also, by applying Theorem 1 to q13 = −3, x = y = 0
or x = y = 3 is allowed. Combining these two results, x = y = z = 0 or
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qˆab1 qˆ
ab
2 qˆ
ab
3

−2 −1 −1
1 1
0




2 1 3
−1 1
2




0 3 −1
3 −1
−4




0 −1 −1
−1 −1
0




−2 1 −3
3 −1
−4




2 3 1
1 −1
−2




0 −1 −1
−1 −1
0




−2 1 −1
3 1
−2




2 3 3
1 1
0


Table 14: Fluxes in each T 2 for the T 6 fluxes (A.2) with x = −1. The diagonal
elements are omitted.
x = y = z = 3 is allowed. They correspond to
qab =


0 0 −3 3 3
0 −3 ±3 3
0 0 0
0 0
0


, (A.6)
qab =


0 3 −3 0 3
0 0 ∓3 0
0 3 0
0 3
0


, (A.7)
respectively. In fact, (A.6) and (A.7) are equivalent, as one can see by exchang-
ing the second and fourth rows and columns, i.e., by exchanging the first and
second U(1).
By applying Theorem 2 to the first 4×4 part of (A.6), one can find that the
plus sign in the double sign must be chosen. Then, the problem comes back to
the case in (3.10). Thus, we have to conclude again that there is no solution in
the Uc(3) × U(1) ×UL(2) × U(1)
2 model, even though the fermion embedding
is generalized to (3.11) and (3.12).
A.3 Fluxes in the Uc(3)× UL(2)× U(1)4 model
We then study the Uc(3)×UL(2)×U(1)
4 model considered in section 3.5. One
can immediately find that the case (3.18) has no solution for qabl , by applying
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Theorem 1 to q12 = −3, q23 = 3, and q13 = 3.
For the case (3.17), by using Theorem 1, the possible T 6 fluxes turn out to
be as follows:
qab =


0 −3 0 3 1 2
0 3 0 0 0
0 ±3 x 3− x
0 0 0
0 0
0


, (A.8)
qab =


0 −3 0 3 3 0
0 3 0 0 0
0 u x y
0 0 z
0 v
0


, (A.9)
where x, y, and z can take an integer 0, 1, 2, or 3, while u and v can take 0,
±1, ±2, or ±3. In (A.9), x+ y + z = 3 and |u|+ |v| = 3 must be satisfied.
For (A.8), by applying Theorem 2 to the first 4 × 4 part, i.e., qab with
1 ≤ a, b ≤ 4, one can see that the plus sign in the double sign must be chosen.
Then, qab with 1 ≤ a, b ≤ 4 are the same as (3.6), as one can see by exchanging
the second and third rows and columns in qab. Thus, we can construct solutions
for (A.8) by using the solutions in Table 2. There is one solution. The T 2 fluxes
are given in the first row in Table 15. The corresponding T 6 fluxes are (A.8)
with x = 1, i.e.,
qab =


0 −3 0 3 1 2
0 3 0 0 0
0 3 1 2
0 0 0
0 0
0


. (A.10)
For (A.9), by applying Theorem 2 to the first 4 × 4 part, i.e., qab with
1 ≤ a, b ≤ 4, one can find that u must take −1 or 3. In the same way, x must
be −1 or 3. As we showed below (3.10), there is no solution for (u, x) = (3, 3).
Since x must be positive, the remaining possibility is (u, x) = (−1, 3). It then
follows from x+y+z = 3 and |u|+ |v| = 3 that y = z = 0 and |v| = 2. One can
construct solutions by using those in Tables 2 and 14. There is one solution.
The T 2 fluxes are given in the second row in Table 15. The corresponding T 6
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qˆab1 qˆ
ab
2 qˆ
ab
3

−1 −2 −1 −1 −1
−1 0 0 0
1 1 1
0 0
0




−1 −2 −1 −1 −1
−1 0 0 0
1 1 1
0 0
0




−3 0 3 1 2
3 6 4 5
3 1 2
−2 −1
1




−1 0 −1 1 −1
1 0 2 0
−1 1 −1
2 0
−2




1 −2 −1 1 0
−3 −2 0 −1
1 3 2
2 1
−1




3 2 3 3 2
−1 0 0 −1
1 1 0
0 −1
−1


Table 15: Fluxes in each T 2 in the Uc(3)×UL(2)×U(1)
4 model with the fermion
embedding (3.17). The first and second rows of this table correspond to the T 6
fluxes (A.10) and (A.11), respectively. The diagonal elements are omitted.
fluxes are
qab =


0 −3 0 3 3 0
0 3 0 0 0
0 −1 3 0
0 0 0
0 −2
0


. (A.11)
For the case (3.16), by using Theorem 1, the possible T 6 fluxes turn out to
be as follows:
qab =


0 −3 0 1 2 3
0 3 0 0 0
0 u v 3
0 0 0
0 0
0


, (A.12)
qab =


0 −3 0 0 3 3
0 1 2 0 0
0 0 u x
0 v 3− x
0 0
0


, (A.13)
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qab =


0 −3 0 3 0 3
0 3 0 0 0
0 u v x
0 w 0
0 3− x
0


, (A.14)
where x can take an integer 0, 1, 2, or 3, while u, v, and w can take 0, ±1, ±2, or
±3. In (A.12) and (A.13), |u|+ |v| = 3 is required. In (A.14), |u|+ |v|+ |w| = 3
is required.
Since (A.12) has a similar structure to (A.8), as can be seen by permuting
the last three columns, one can find solutions in the same way. There are three
solutions: The T 2 fluxes of the first row in Table 16 yield the T 6 fluxes (A.15).
The second and third rows in Table 16 give (A.16).
qab =


0 −3 0 1 2 3
0 3 0 0 0
0 1 2 3
0 0 0
0 0
0


(A.15)
qab =


0 −3 0 1 2 3
0 3 0 0 0
0 −3 0 3
0 0 0
0 0
0


(A.16)
For (A.13), qab with a, b = 1, 2, 5, 6 are the same as (3.8), and thus one can
use the results in Table 3. We simply find solutions for the first 4 × 4 part in
(A.13). We then combine the results, and obtain solutions for (A.13). There
are three solutions: The T 2 fluxes of the fourth and fifth rows in Table 16 yield
T 6 fluxes (A.17). The sixth row in Table 16 gives (A.18).
qab =


0 −3 0 0 3 3
0 1 2 0 0
0 0 −3 1
0 0 2
0 0
0


(A.17)
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qab =


0 −3 0 0 3 3
0 1 2 0 0
0 0 1 1
0 2 2
0 0
0


(A.18)
For (A.14), qab with a, b = 1, 2, 3, 4, 6 are the same as the first 5× 5 part in
(A.9). One can thus follow the same arguments there. There are nine solutions:
The T 2 fluxes in Table 17 yield the T 6 fluxes (A.19), and those in Table 18 give
(A.20).
qab =


0 −3 0 3 0 3
0 3 0 0 0
0 −1 ±2 3
0 0 0
0 0
0


(A.19)
qab =


0 −3 0 3 0 3
0 3 0 0 0
0 −1 0 3
0 ±2 0
0 0
0


(A.20)
In all of the above solutions (A.10), (A.11), (A.15)-(A.20), some of the
fermion species are placed in several matrix elements, i.e., not all of the fermion
species can be put in a single place with three generations. This is inevitable
since there is no solution for (3.10). This may give some interesting results in
the flavor structure.
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qˆab1 qˆ
ab
2 qˆ
ab
3

−1 −2 −1 −1 −1
−1 0 0 0
1 1 1
0 0
0




−1 −2 −1 −1 −1
−1 0 0 0
1 1 1
0 0
0




−3 0 1 2 3
3 4 5 6
1 2 3
1 2
1




−1 −2 −1 −1 −1
−1 0 0 0
1 1 1
0 0
0




−1 −2 1 −2 −1
−1 2 −1 0
3 0 1
−3 −2
1




−3 0 −1 1 3
3 2 4 6
−1 1 3
2 4
2




1 0 −1 −1 −1
−1 −2 −2 −2
−1 −1 −1
0 0
0




3 2 1 2 3
−1 −2 −1 0
−1 0 1
1 2
1




−1 2 −1 −1 −1
3 0 0 0
−3 −3 −3
0 0
0




−1 0 0 −1 1
1 1 0 2
0 −1 1
−1 1
2




1 2 −1 −1 1
1 −2 −2 0
−3 −3 −1
0 2
2




3 4 2 3 3
1 −1 0 0
−2 −1 −1
1 1
0




−1 0 0 3 1
1 1 4 2
0 3 1
3 1
−2




1 0 0 1 1
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0

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

3 2 1 1 3
−1 −2 −2 0
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0 2
2




−1 0 0 1 −1
1 1 2 0
0 1 −1
1 −1
−2




1 0 0 1 −1
−1 −1 0 −2
0 1 −1
1 −1
−2




3 2 1 3 3
−1 −2 0 0
−1 1 1
2 2
0


Table 16: Fluxes in each T 2 in the Uc(3)×UL(2)×U(1)
4 model with the fermion
embedding (3.16) (part 1). The first row of this table corresponds to the T 6
fluxes (A.15), the second and third rows to (A.16), the fourth and fifth rows to
(A.17), and the sixth row to (A.18). The diagonal elements are omitted.
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qˆab1 qˆ
ab
2 qˆ
ab
3

−1 −2 −1 0 −1
−1 0 1 0
1 2 1
1 0
−1




1 2 3 1 1
1 2 0 0
1 −1 −1
−2 −2
0




3 0 −1 −1 −3
−3 −4 −4 −6
−1 −1 −3
0 −2
−2




−1 −2 −1 −1 −1
−1 0 0 0
1 1 1
0 0
0




1 2 3 0 1
1 2 −1 0
1 −2 −1
−3 −2
1




3 0 −1 −1 −3
−3 −4 −4 −6
−1 −1 −3
0 −2
−2




−1 −2 −1 −1 −1
−1 0 0 0
1 1 1
0 0
0




1 2 3 0 1
1 2 −1 0
1 −2 −1
−3 −2
1




3 0 −1 1 −3
−3 −4 −2 −6
−1 1 −3
2 −2
−4




−1 0 −1 1 1
1 0 2 2
−1 1 1
2 2
0




1 −2 −1 0 1
−3 −2 −1 0
1 2 3
1 2
1




3 2 3 3 3
−1 0 0 0
1 1 1
0 0
0




−1 0 −1 −1 1
1 0 0 2
−1 −1 1
0 2
2




1 −2 −1 0 1
−3 −2 −1 0
1 2 3
1 2
1




3 2 3 3 3
−1 0 0 0
1 1 1
0 0
0


Table 17: Fluxes in each T 2 in the Uc(3)×UL(2)×U(1)
4 model with the fermion
embedding (3.16) (part 2). The solutions in this table correspond to the T 6
fluxes (A.19). The diagonal elements are omitted.
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qˆab1 qˆ
ab
2 qˆ
ab
3

−1 −2 −1 −2 −1
−1 0 −1 0
1 0 1
−1 0
1




1 2 3 1 1
1 2 0 0
1 −1 −1
−2 −2
0




3 0 −1 0 −3
−3 −4 −3 −6
−1 0 −3
1 −2
−3




−1 −2 −1 0 −1
−1 0 1 0
1 2 1
1 0
1




1 2 3 1 1
1 2 0 0
1 −1 −1
−2 −2
0




3 0 −1 0 −3
−3 −4 −3 −6
−1 0 −3
1 −2
−3




−1 0 −1 0 1
1 0 1 2
−1 0 1
1 2
1




1 −2 −1 1 1
−3 −2 0 0
1 3 3
2 2
0




3 2 3 4 3
−1 0 1 0
1 2 1
1 0
−1




−1 0 −1 0 1
1 0 1 2
−1 0 1
1 2
1




1 −2 −1 1 1
−3 −2 0 0
1 3 3
2 2
0




3 2 3 2 3
−1 0 −1 0
1 0 1
−1 0
1


Table 18: Fluxes in each T 2 in the Uc(3)×UL(2)×U(1)
4 model with the fermion
embedding (3.16) (part 3). The solutions in this table correspond to the T 6
fluxes (A.20). The diagonal elements are omitted.
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